PRIMARY DECOMPOSITION: COMPATIBILITY, 
INDEPENDENCE AND LINEAR GROWTH 

YONGWEI YAO 



Abstract. For finitely generated modules N C. M over a Noetherian ring 
R, we study the following properties about primary decomposition: (1) The 
Compatibility property, which says that if Ass{M/N) = {Pi, P2, ■ ■ • , Ps} and 
Qi is a Pi-primary component of N C M for each i = 1, 2, . . . , s, then A'^ = 
QinQ2n - • ■ HQs; (2) For a given subset X = {Pi,P2,. . . ,Pr} C Ass(M/A), 
X is an open subset of Ass{M / N) if and only if the intersections Qi n Q2 H 
■ ■ -nQr = QinQ'2 n ■ • • nQ^ for all possible Pi-primary components Qi and Q'^ 
of N G M; (3) A new proof of the 'Linear Growth' property, which says that 
for any fixed ideals Ii, I2, ■ ■ ■ , h of R, there exists a. k £ N such that for any 
ni,n2,...,nt£N there exists a primary decomposition of 7"^ /j ^ ■ ■ • I"* M C 
M such that every P-primary component Q of that primary decomposition 
contains p''i"i+"2+---+"t) M . 



0. Introduction 

Throughout this paper i? is a Noetherian ring and M 7^ is a finitely generated 
-R-module unless stated otherwise explicitly. Let C M be a proper i?-subniodule 
of M. By primary decomposition N = Qi O Q2 C) ■ ■ ■ O Qs of in AI, we always 
mean an irredundant and minimal primary decomposition, where Qi is a P^-primary 
submodule of M, i.e. Ass{M/Qi) — {Pi}, for each i = 1,2, . . . , s, unless mentioned 
otherwise explicitly. Then Ass(M/A^) = {Pi, P2, . . . , Pg} and we say that Qi is 
a Pi-primary component of N in M. As a subset of Spec(P) with the Zariski 
topology, Ass(M/A^) inherits a topology structure. For an ideal / in R, we use 
(N :m /°°) to denote U,{N :m P)- 

Notation 0.1. Let C M be finitely generated P-modules. For every P € 
Ass(M/A^), we use Ap(iV C M), or Ap if the P-modules N C M are clear from 
the context, to denote the set of all possible P-primary components of A^ in M. 

We know that if P G Ass(Af/A^) is an embedded prime ideal, then Ap{N C M) 
contains more than one element. (Also see the passage following Theorem 2.2 
and the reference to | HRS| ] . ) Suppose that A^ — Qi O Q2 C) ■ ■ ■ O Qs is a primary 



decomposition of A^ C M such that Qi £ Ap. for i = 1, 2, . . . , s. Then if we choose 
a Pi-primary submodule of M such that N C Q'- C Qi for each i = 1,2, ... ,s, 
we get a primary decomposition N = Q[ D Q2 D ■ ■ ■ D Q'^ oi N C M. For example 
we may choose Q- = ker(Af {M/{P^'M + N))p.) for all > to get primary 
decompositions A^ = ni<i<s ker(M -> (M/iPj^'M + N))p.) for aU » 0. But 
given an arbitrary S Ap. for each i = 1,2, . . . , s, we do not know a priori if 
A^ — Q'l n Q2 n • • • n Q". This compatibility question is answered positively in 
Theorem 1.1: 



1991 Mathematics Subject Classification. Primary 13E05; Secondary 13C99, 13H99. 
Key words and phrases. Primary decomposition. Linear Growth, Artin-Rees number. 

1 



2 



YONGWEI YAO 



Theorem 1.1 (Compatibility). Let N C. M be finitely generated R-modules and 
Asa{AI/N) = {Pi, P2, ■ ■ . , Ps}- Suppose that for each i = l,2,...,s, Qi is a 
Pi-primary component of N in M , i.e. Qi g Ap^ . Then N = Qi D Q2 H • • • n Qs, 
which is necessarily an irredundant and minimal primary decomposition. 

Definition 0.2. Let iV C Af be finitely generated i?-modules and X a subset of 
Ass(M/A^), say X ^ {P^, P2, . . . , P.} C Ass{M/N) = {Pi, . . . , P., P.+i, . . . , PJ. 
We say that the primary decompositions of N in M are independent over X, or X- 
independent, if for any two primary decompositions, say, N = QiD Q2 Cl ■ ■ ■ HQs — 
Qi n n • • • n Q;,, of TV c A/ such that {Q„ Q'J C Ap^ {N c M) for i = 1, 2, . . . , s, 
we have Qi Ci Q2 Ci ■ ■ ■ Ci Qr = Q[ H Q'2 r\ ■ ■ ■ C] Q'^. In this case, we denote the 
invariant intersection by Qx{N C Af), or Qx if iV C Af is clear from the context. 

It is well-known that primary decompositions are independent over open subsets 
of Ass(Af/A^). (See Observations 0.3 below.) Actually it turns out that indepen- 
dence property characterizes open subsets of Ab,s{M /N): 

Tiieorem 2.2. Let N C M he finitely generated R-modules and X C Ass(Af/Af) 
he a suhset of Ass{M/N). Then the primary decompositions of N in M are inde- 
pendent over X if and only if X is an open suhset of Ass{M/N). 

In Section 3 we use Artin-Rees numbers to prove the following: 

Theorem 3.3. Let R he a Noetherian ring, M a finitely generated R-module and 
Ii, L2, . . ■ , It ideals of R. Then there exists a k € N such that for all ni,n2, ■ ■ ■ ,nt £ 
N and for all ideals J C R, {J^^^^M + ■ ■ ■ I"^' M) n (/r^/j"' • ■ ■ It' M -.m 

joo) ^ jni j«2 . . . ^;jg^g \n\ '.^ m + n2 + ■ ■ ■ + Ut . 

As a corollary of Theorem 3.3, we have a new proof of the 'Linear Growth' 
property, which was first proved by I. Swanson |Sw and then by R. Y. Sharp using 



different methods and in a more general situation |Sh2| 



Corollary 3.4 (Linear Growth; |3w| and [3h2|). Let R he a Noetherian ring, M 
a finitely generated R-module and Ii, I2, . ■ . , It ideals of R. Then there exists a 
k gN such that for any ni, 712, . ■ . , «t G N, there exists a primary decomposition of 
I"^l2^ ■■■I"*M C M 

I'^'i^' ■ ■ ■ I'^'M = g„^ n n • • • n Q„^^, 

where the Qn. 's are P„ . -primary components of the primary decomposition such 

that P^'— 'Af C for all i — 1,2,..., r„, where n = (m, 712, • ■ ■ , nt) and \n\ = 
ni A- n2 + ■ ■ ■ + nt. 

Before ending this introduction section, we make the following well-known ob- 
servations, which is to the effect of saying that primary decompositions are inde- 
pendent over open subsets. 

Observations on independence 0.3. Suppose = Qi n Q2 H • • • n is a primary 
decomposition of A^ in a finitely generated P-module M such that Qi is P^-primary 
for each i — 1,2, ... ,s. 

(1) For any ideal I ^ R, the intersection Djgp^Qi = (A^ :m I°°) is independent 
of the particular primary decomposition of A^ in M. (cf. D. Eisenbud |e|, 
page 101, Proposition 3.13.) This means that the primary decompositions 
of N C M are independent over X = {P € Asa{M/N) | / ^ P} and 
Qx = {N :m I°^1- 
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(2) Alternatively, for any multiplicatively closed set W C R, the intersection 
<^Pinw=(!iQi = ker(M {M/N)w) is independent of the particular pri- 
mary decomposition, (cf. D. Eisenbud [^], page 113, Exercise 3.12.) That 
is to say that the primary decompositions of C M are independent over 
r = {P e Ass(Af/7V) I P n = 0} and Qy = ker(Af {M/N)w)- 

1. Compatibility 

The main theorem in this section is to show that all the primary components of 
_R-modules A^ C M are totally compatible in forming the primary decompositions 
of A^ C M. 

Theorem 1.1 (Compatibility). Let N C. M he finitely generated R-modules and 
Ass{M/N) ~ {Pi, P2, ■ ■ ■ , Pg}- Suppose that for each i — l,2,...,s, Qi is a 
Pi-primary component of N in M, i.e. Qi G Kp^[N C M). Then N ^ Qi H Q2 
■ ■ ■ n Qs, which is necessarily an irredundant and minimal primary decomposition. 

Proof. We induct on s, the cardinality of Ass(il//A^). 
If s = 1, then N — Qi and the claim is trivially true. 

Suppose s > 2. By rearranging the order of Pi, P2, . . . , Pg, we may assume that 
Ps is a maximal prime ideal in Ass(M/A^). Since Qi e Ap. for i = 1, 2, . . . , s, we 
can find s specific primary decompositions 

N = n Q(j,2) n • • • n Q(^i^,-^ n • • • n Q(^i^s), for z = i, 2, . . . , s, 

where € Ap. and (3(j^i) = Qi for alli,j = 1, 2, . . . ,s. LetW = R\Ui<i<s-iPi. 

By Observation 0.3(2) and our assumption on P^, we know that the primary de- 
compositions of A^ C M is independent over A = {P e Ass(Af/A^) | P n = 0} = 
{Pi, P2, . . . , Ps-i} with Qx = ker(M {M/N)w). That is to say that 

Qx = ker(M ^ {M/N)w) - n Q(.,2) n • • • n Q(,^s~i) , for z = 1, 2, . . . , s, 

are all primary decompositions of Qx Si M and in particular Qi = Q^i^i-^ G 
^PiiQx C M) for i = 1,2, ...,s — 1. Since the cardinality of Ass{M/Qx) is 
s — 1, we use the induction hypothesis to see that 

Qx = (9inQ2n---nQ,_i. 

But we already know that Qx = Q{s,i)^Q[s,2)^' ' '^Q[s,s-i) by the A-independence 
of primary decompositions of A^ C M . Hence we have 

N = Q(s,l)^Q{s,2)^ " ' ^Q(s,s~l)^Q(s,s) 

^ QxnQs 

= Qi n Q2 n • • • n Qs-i n Qs- 

□ 

Remark 1.2. In | ]Bo| , Chapter IV], the notion of primary decomposition is general- 
ized to not necessarily finitely generated modules over not necessarily Noetherian 
rings. Let P be a (not necessarily Noetherian) ring and M be a (not necessarily 
finitely generated) P-module. A prime ideal P of P is said to be weakly associated 
with M if there exists an a: e M such that P is minimal over the ideal Ann(a;) and 
we denote by Ass/(M) the set of prime ideals weakly associated with M (cf. po| , 
page 289, Chapter IV, § 1, Exercise 17].) We say that an element r S P is nearly 
nilpotent on M if for any x G M, there exists an n{x) G N, such that r"*-^-'a; = (cf. 
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|Bo| page 267, Chapter IV, § 1.4, Definition 2].) Then for any i?-submodule N of 



M, we define rM{N) := {r G i? | r is nearly nilpotent on M/N} (of. |Bo, page 292 



Chapter IV, § 2, Exercise 11].) A i?-submodule Q of M is said to be P-primary 
in M if AsSf{M/Q) = {P}, which is equivalent to the statement that every r ^ R 
is either a non-zerodivisor or nearly nilpotent on M/Q, and in this case we have 
rM{Q) = P) (cf. @ page 292, Chapter IV, § 2, Exercise 12(a)].) Then we say 
that a i?-submodule N has a primary decomposition in M if there exist P^-primary 
submodules Qi C A/, z = 1, 2, . . . , s, such that N ~ Qlf^Q2f^■ ■ ■f^Qs (cf. [Bo, page 
294, Chapter IV, § 2, Exercise 20].) Again we always assume primary decomposi- 
tions to be irredundant and minimal (i.e. reduced) if they exist. If N has primary 
decompositions in M, then Observation 0.3(2) still holds (replace Ass(Af/A^) by 
Ass/(Af/iV).) Therefore the proof of compatibility, i.e. Theorem 1.1, also applies 
to the the case where N C M are not necessarily finitely generated P-modules over 
a not necessarily Noetherian ring R as long as the primary decompositions exist. 



2. Independence over open subsets of Ass(Af/iV) 

Because of the compatibility property, i.e. Theorem 1.1, we have an equivalent 
statement to the definition of A'-indepcndence. 

Lemma 2.1. Let N C. AI be finitely generated R-modules and X — {Pi, P2, . . . , Pr} 
C Ass(A//A^) — {Pi, P2, . . . , Pr, Pr+i, . . . , Ps}- Then the following are equivalent: 

(1) The primary decompositions of N in M are independent over X; 

(2) For any Qi and Q[ in Ap^, where i — l,2,...,r, the equality 

Qi n Q2 n ■ ■ ■ n Qr ^ Q'l n Q2 n ■ ■ ■ n Q'r holds. 

It turns out that the independence observed in Observations 0.3 actually exhausts 
all the possibilities. 

Theorem 2.2. Let N C Af be finitely generated R-modules and X C Ass(Af/A^) 
be a subset of Ass{M/N). Then the primary decompositions of N in M are inde- 
pendent over X if and only if X is an open subset of Ass{M/N). 

Proof. Without loss of generality we assume = 0. 

The "if" part is just Observation 0.3(1). To prove the "only if" part, it suffices 
to show X is stable under specialization since Ass(Af/A^) = Ass(Af) is finite. Let 
P be an arbitrary prime ideal in X C Ass{M / N) . All we need to show is that for 
any P' e Ass(Af) such that P' C P, we have P' € X. 

Say X = {P = Pi, P2, . . . , Pt, Pt+i, . . . , Pr} such that P, C P for i = 1, 2, . . . , i 
and P^ ^ P ioT i = t+l,...,r. Let Xp := X n Ass(Afp) = {Pp = (Pi)p, (P2)p, 
. . . , (Pt)p}. We first show that the primary decompositions of C A^p are inde- 
pendent over Xp: For any Li S A(p.)p(0 C Mp), i — 1,2, ... ,t, let Qi be the the 
full pre- image of Li under the map M Mp. Then choose Qi S Ap. (0 C Af) for 
i = t-\-l, . . . ,r. Then it is easy to see that (Qi nQ2n • • ■r\Qr)p = LinL2n • • - nit. 
Then the X-independence assumption implies that the primary decompositions of 
C Afp are independent over Xp = X H Ass{Mp). 

Hence by replacing M with Mp we may assume that {R, P) is local with the 
maximal ideal P and P G X ~ {P ~ Pi, P2, . . . , Pt} C Ass(Af). In this case to 
prove that X is stable under specialization is simply to prove that X = Ass(Af). 
For each i = l,2,...,t, choose a P^-primary component Qi of C M. There 
exists a fc G N such that P'^Af C Qi and therefore P"A/ G Ap for aU n > k. Set 
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L ~ Q2 n Qs n ■ ■ ■ n Qt- Then by Lemma 2.1 the assmiiption that the primary 
decompositions of in M are independent over X simply means that Qi H L = 
P'^M n L for all n > k, which implies Qi n L = by KruU Intersection Theorem. 
This forces = Qi D Q2 H ■ ■ ■ D Qt to be a primary decomposition of in M. In 
particular it means that Ass(Af ) = {P = Pi, ^2, ■■■,Pt} ^ X. □ 

In particular, if P G Ass(M/A^) is not minimal over Ann(A//A^), then the 



P-primary components of iV in M are not unique. In fact, in |HRS|, W. Heinzer, 
L. J. Ratliff, Jr. and K. Shah showed that if P g Ass(A//A^) is an embedded 
prime ideal, then there are infinitely many maximal P-primary components of N 



in M with respect to containment. See |EIRS] and their following papers for more 



information about the embedded primary components. 

3. 'Linear Growth' property 

In this section we give a new proof of 'Linear Growth' property using Artin-Rees 
numbers and compatibility. 'Linear Growth' property was first proved by I. Swan- 



son [3w] and then by R. Y. Sharp using different methods and in a more general 
situation | ^h2| . 

We first give a definition of Artin-Rees numbers, AR{J,N C M), of a pair of 
finitely generated P-modules N C M with respect to an ideal J of R. These 



numbers have been studied in |Hl], where a set of ideals is considered instead of 
one single ideal. 

Definition 3.1. Let C M be finitely generated P- modules over a Noetherian 
ring R and J an ideal of R. We define AR(J, A^ C M) := min{ k \ J"M nN C 
jn-k^ for aU n>k}. 

Remark 3.2. If AT C L C Af , then AR( J, K C M) < AR( J, K C L) + AR( J, L C 
M). If J"M C N for some n, then AR( J, A C M) < n. 

Theorem 3.3. Let R be a Noetherian ring, M a finitely generated R-module and 
/i, /2, . . . , /t ideals of R. Then there exists a k gN such that for all ni,n2, ■ ■ ■ ,nt € 
N and for all ideals J <Z R, 

jni jn2 , , , jn, D j'=l^^lA.fn(/r'/2"'---/r^:M J°°), i.e. 

j«2 . . . jn,^^ ^ (j'^-liilAf + 1/^'^ . . . I]^^M) n (/r/2 ' • • • 17" M -M 
where \n\ ni + n2 + ■ ■ ■ + nt . 
Proof. It is enough to prove the Theorem for 

n = R[hTi,l2T2,...JtTt,T{\T^\...,T^-\ 



H 1 



li — Tj ^TZ for each i = 1, 2, . . . , i, and 
J = JTZ. 

That is because if we contract the result for TZ back to R, we get the desired result. 
Hence without loss of generality we assume p = (xi) is generated by a Af-regular 



element Xi £ R for each i = 1,2, . . . ,t. The same technique is also used in [3w| and 
Sh2| . 
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And it also suffices to prove the Theorem for one fixed ideal J. The reason is for 
every J in i?, we have 

JQJ' ■■= {~\P, where Y= |J Ass{M/I^U^' ■ ■ ■ I'^'M) 

PeY (ni,n2....,nt)eZ* 
JCP 

and, furthermore, there are only finitely many such J' to deal with since the set 
Y = U(„^ ... Ass(M//{'i/J^ • ■■I'^'M) is finite, (cf. page f25, Lemma 

13.1]) 

For each i = 1, 2, . . . , t, let iV^ = x^M -.m J"^ Q M, k[ = AR( J, iV, C M) and k'l 
be such that J^'^ N, C XiM. Then AR{J,x,M C Ni) < k'/ . 

Let k' = max{A:^ \l <i <t},k" ^ max{fcf \1 <i<t} and k = k'+k". It is easy 
to see by the Remark 3.2 AR( J, a;,M C M) <k[ + k'l <k for aU z = I, . . . , t. Since 
each Xi is regular on M, we have AR( J, x'^^x'^^ ■ ■ ■ 2:™Y'a;"-+^x^\+' • • • a;™*M C 
'M) — AR{J,XiM C M) < k because of the i?-linear isomorphism 
M ^ a;f ^a;"" • • • a;"'M induced by multipHcation by a;f ^x"" • • • x"'\ Therefore 
we have AR( J, "*iVf C M) < fc(ni + 7T,2 + • • • + Hj) = k\n\ by the same 

Remark 3.2 applied to the filtration 

x"^x^^ ■ ■ ■ x"'M C x'l^'^x^^ • • • x"' M C • • • C x^tM C xtM C M 

of Xi^X2^ ■ ■ -x^^M C A/ so that each quotient is isomorphic to M/xiM for some 
t = l,2,...,t. 

We prove the Theorem by induction on |n| = ni + rt2 + • • • + If = 0, the 
claim is trivially true. 

Now suppose |n| > I. By symmetry we assume ni > I. Notice, by induction 
hypothesis, 

J''^^h4n{x1'x'^^ ■ --xI'M :m J°°) 
(*) Cj''(\^\-^'>Mnix'^'-^x'^' ■■■xl''M -.M J°°) 

Cx'l'-^^^ ■■■x'^'M. 
Therefore, using the definition of integers k, k', k" and the fact that 

Ar(j, K^x^^ •••x^'M vn-i,.....,.*M-^°°) ^ ^i'~^x'i^---xTM) 

= AR(J, xiM -.M J°° Q M) and 
(x^'^x^^ • • -x^'M :,.i-i,.....,..,, J~)K^x^^ • • • x^'M 

=^ (xiM :m J°°)MM, 

we have, 

j'^l^lMn(x^^x^= • • • xJ^'M :m 

=(x^i-ix^^ • • -x^'M) n j'^l^lMn (x^^^x^^ • • -x^'Af :m by (*) 

=(.xr-ix'2'^ • • -x^M) n j'^l^lMn (x^^x^ • • -x^M J°°) 
=(j'=i^Im n (x^-^x^^ • • • x^M)) n (x^x^^ • --x^M J°°) 
C(j^(x^^-ixr . • -x^'M)) n (x^'^x^^ . --x^M vu-i,.....,;.^ J°°) 
CJ^"(x^ix^^ •••x;"M : .1-1 .2 
(^x'l'x'l^ ■■■xTM. 
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□ 

Corollary 3.4 (Linear Growth; |3w| and [3h2|). Let R be a Noetherian ring, M 



a finitely generated R-module and Ii,l2,...,It ideals of R. Then there exists a 
k € N such that for any ni,n2, . . . ,nt G N, there exists a primary decomposition of 
I^'I^" ---I^'M CM 

■ ■ ■ r^'M = g„^ n Q„^ n • • • n g„^^, 

where the Qn . 's are P„ . -primary components of the primary decomposition such 

that P^—^AI C Q„ for all i = 1,2,..., r„, where n = (rii, 712, • ■ ■ , f^t) and \n\ = 
nx + n2 + ■ ■ ■ + nt. 

Proof. Let k be as in the Theorem 3.3. By Theorem 1.1 (Conipatibihty), it suffices 
to show that for each n e N* and each P £ Ass(M//"V^^ • --I^'M), there is a 
P-primary component Q of • • - /"'A/ C M such that F'^I^iIm C Q. So we 

fix n and P e Ass(Af//f ^/^'^ • • • /f*A'/). Let 

{pf^l^lM + I^'I^' ■■■It'M) = QinQ2n---ng., and 

(7^/2"' • • • i"'M :m p°°) - Qr+i n Qr+2 n • • • n 

be irredundant and minimal primary decompositions of the corresponding submod- 
ules of M, where Qi is a P^-primary submodule of M for each i = 1, 2, . . . , s. As 
P ^ Ass(M/(/"i/^" • • -/"'M :m we may assume that Pi = P. By Theorem 

3.3, {P^\^\M + I^'I^^ ■ ■ ■ I^'M) n (/r/2"' • • • It*M -.M P°°) = Ii^lT ■ ■ ■ It'M. 
Hence 

jn.jn, . . . jn,^,j ^ Qi R Q2 H • • • H Q, H Q,+ i H Qr+2 H • • • H Q,. 

Although the above intersection may not necessarily be irredundant and minimal, 
we know that Qi is a Pi = P-primary component of /"^/^^ • • -/"'Af C M since 
P e Ass(Af /Ii^l2^ ■ ■ ■ It*M) and Qi is the only P-primary submodule in the above 
intersection. Evidently P'^l^^lAf C Qi. □ 

Actually Theorem 3.3 can be stated in a more general situation: The filtra- 
tion {/"VJ^ • • • Af I (ni, n2, . . . , nj) g Z*} may be replaced by a 'multi-graded' 
filtration {M(^ni,n2,...,nt) I ("-i, '^•2, ■•■,"*) G Z*} of Af such that 



(ni,n2,---,nt)GZ' 



rit 
t 



naturally forms a multi-graded Noetherian module over a multi-graded sub-ring TZ 
in P[ri, T2, . . . , Pt, Pf \ P2~^ ■ • ■ > ^T^] with the usual grading such that T^\T^\ 
. . . , Pj"^ are all contained in TZ and the (0, 0, ... , 0) part of TZ is R. We call such 
a filtration 'Noetherian'. To simplify notation, we use n to denote (ni, n2, . . . , nt) 
and use |ri| to denote ni + n2 + • • ■ -\- nt- And N* := {(ni,n2, • ■ • ,nt) \ ni > 0, i = 
l,2,...,t}. 

The next theorem and its corollary look apparently more general than Theorem 
3.3 and Corollary 3.4, although in essence they are the same. 

Theorem 3.5. Let R be a Noetherian ring, M a finitely generated R-module and 
{Af(„j^„2 I (ni,n2, . . . ,nt) G Z*} a Noetherian filtration of M . Then 
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(1) There exists a fc e N such that for all m G Z* , for all n G N* and for 
all ideals J C R, j'^^^^MrnD (M„+„ :a/„ J°°) C M™+„, i.e. (j'^l^ilM™ + 

J°°) = Mrn+ 

(2) The set U™gzt,„gNt Ass(M„/M„+„) is /inife. 

Proof. The proof of (1) may be carried out in almost the same way as in the proof 
of Theorem 3.3. But here we choose to use Theorem 3.3 and provide a sketch 
of the proof: Simply apply Theorem 3.3 to the Noetherian TZ module A4 and 
ideals li — T^^TZ and then restrict the results to each of the homogeneous pieces. 
Theorem 3.3 gives results for all the ideals of TZ, but here we are only interested in 
the ideals JTZ, the ideals extended from ideals J C R. 
To prove (2), we notice that the set 

y AssniM /T^^'T^"' ■ ■ ■ T^'^'M) 

is finite. Then (2) follows by contracting to each of the homogeneous pieces. □ 

Corollary 3.6. Let R he a Noetherian ring, M a finitely generated R-module and 
{M(„j^„2...nt) I ■ • ■ G 2*} a Noetherian filtration of M . Then there exists 

a A: € N such that for any m^l} , n S N* and P E Ass{Mm/ Mm+n) , there exists 

aQ € Ap{Mrn+n C Mrn) SUch that P'^^^^Mrn C Q. 



Example 3.7 (Compare with | |Shl| ). Assume that R is Nagata (e.g. R is excellent) 
and M is a finitely generated i?-module and Ii, I2, . . . , It ideals of R. Then we have 
a multi-graded filtration {/"^/j^ • --I^'M | n e Z*}. In order to see if the filtration 
satisfies the Linear Growth property, we may mod out the nil-radical and hence 
assume that R is reduced. Then it is straightforward to see that the associated 
graded module is finite over TZ = R[hTij2T2, • • • , ItTt,T^^ ,T:^^ , . . . , Hence 
the filtration satisfies the Linear Growth property. Similarly we can show the Linear 
Growth property of the filtration (f^ -1^ ■ ■ ■ 7^M | n € Z*} provided R is reduced 
and Nagata. 



In |phl| R. Y. Sharp proved the Linear Growth property of the filtration {/" | n e 
Z} of Noetherian ring R without the Nagata assumption. The argument there also 
works for the filtration {/"^/g'^ • • • | n e Z*} of any Noetherian ring R. That is 



because the set U„gzt Ass(i?//"V;^^ • • •/"') is finite (cf. |Ra|) and hence we can 



localize and then complete. In fact, if we know in advance the set 
U„ez' Ass(M//"i/2 ' ■ • • It*M) is finite for a finitely generated faithful i?-module 
M, we can localize and then complete and then contract the result of Example 3.7 
for M back to M to deduce that the filtration {7^1/^2 |n € Z*} satis- 

fies the Linear Growth property. We need M to be faithful so that the process of 
contraction works. 

Example 3.8. Assume R is Nagata and has characteristic p, where p is a prime 
number and M is a finitely generated i?-module. Then for any ideal / in R, tight 



closure of /, denoted by J*, is defined [HH|. It is shown that -s/O Q I* I 



for any ideal I in R |HII[ . By the same argument as in Example 3.7 we can 
deduce that the filtration {(/f'/J^ •••/"')*M|n € Z*} is Noetherian and hence 
has the Linear Growth property. If, furthermore, R is reduced, then the filtration 
. . . j»t*7V7 Inez*} satisfies the Linear Growth property. 
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In |Ra it is shown that Ass(i?//") is non-decreasing and eventuaUy stabihzes for 
any ideal / in a Noetherian ring R. For any finitely generated i?-module M, a result 
of [ pr| says that Ass(M//"A/) also stabilizes for large n. If R is Nagata and of 
characteristic p > 0, then it follows from Example 3.8 and Theorem 3.5 that the set 
U„gzt Ass(M/(/"^/2 ' ■ • • It')*M) is finite. In case of t = 1, we would like to study 
the stability of Ass(Af/(/"*M)). Since ®nezI"*MT'' is finite over R[IT,T~^] (see 
Example 3.8), we know the filtration {/"*M | n G N} of M is eventually stable, i.e. 
I"+^*M = II"*M for all large n. Hence the argument in ]Bi]| can be applied to 
show that Ass(Af//"*Af) stabilizes for large n. 
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